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A theorem on Facebook
It’s very likely that you have a Facebook account, and of course, you 

have many friends on Facebook. If X is your friend on Facebook, 

then you are X’s friend on Facebook too. But it’s possible that Y is X’s 

friend and not yours. Still, I am sure you and X have many common 

friends, forming a trio of friends. Now, here is a question for you.

What is the smallest number n of people on Facebook such that there 
is a trio among them, either all of whom are friends with 
each other, or none of whom are friends with each other?

With three people, say A, B and C, it is easy that we will not have this 

property: let A and B be friends, neither of whom are friends with 

C. What about four people, A, B, C and D? Again it is easy: make A
and B friends, C and D friends, and no more. In both these case the 

desired trio is not to be found. 

The Artist of 
Problem-Posing
Notes from a small suitcase

mathematicians. This article offers a glimpse of his life and work.

Paul Erd s
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Let us have points denoting the 5 persons; draw 

a red line connecting them to denote that they 

are friends on Facebook, and a blue line between 

them to denote that they are not. Now a red 

pentagon with the persons on vertices and blue 

lines to ‘opposite’ vertices (as in Figure 1) should 

convince you that we can indeed have a situation 

without the desired property. 

Now to six. Take some time off now to draw 

pictures like the above. The hexagon with its 

diagonals does not help; while we get many 

interesting pictures, we get none that works like 

suspecting that six might indeed be the smallest 

number we seek. But then we need a proof that 

among any six persons on Facebook, we have a 

trio, either all of whom are friends, or not-friends. 

Call the newcomer F
already know something about F !

Claim. 
least three among them such that F is a friend of 

all three, or F is friends with none of the three.

Why? Suppose not. Let us argue with reference to 

a picture like the one we drew earlier; see Figure 

2. We focus on the ‘lines’ coming out from F . Each 

one colour occurs three times or more. Whichever 

that colour is, we get the three persons we want. 

(If this colour is red, then the three persons the 

lines connect to are friends of F , else they are 

non-friends.)

in the previous step are A, B, C. (It could be any 

three; we have renamed them as A, B, C.) Their 

relationship with F is the same: all friends or all 

non-friends. Suppose they are all friends of F . 

Now if any two of A, B, C are friends with each 

other, these two together with F form a trio of 

friends. And if no two among A, B, C are friends 

with each other, then A, B, C form a trio of non-

friends! Either way we get the trio we need.

Please check that all possible cases can be 

disposed of in a similar way. So we have proved a 

Facebook Theorem that is valid for any six of the 

millions of members who use that site, knowing 

nothing at all about them! 

The picture that we drew was a graph, with edges
connecting pairs of . We used two kinds 

of edges, red and blue. We can call this an edge-
colouring of the graph with two colours. When 

every pair of vertices has an edge between them, 

we call it a complete graph. A complete graph on n
vertices is denoted by Kn . (So K2 is just an edge, K3

is a triangle, and K4 is a quadrilateral with its two 

diagonals.)  

In this language, what we showed was the 

following: if each edge of K5 is coloured red or 

blue, then a monochromatic K3 may not get 

created, but if each edge of K6 is coloured red or 

blue, then a monochromatic K3 necessarily does 

get created. (‘Monochromatic’ means that all 

edges have the same colour.) 

The critical number 6 is an example of a Ramsey 
number (named after the mathematician and 

logician Frank Plumpton Ramsey) of a graph, 

the minimum number of vertices needed to 

force a monochromatic subgraph inside it. More 

rigorously, given any two numbers s and t, the 

non-friends

friends

Figure 1: Pentagon with ‘red’ edges, ‘blue’ diagonals: 
no trio of the desired kind

Figure 2: Whom is F friends with? 
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The master who could count by 
tossing coins

Theorem 1. This way of proving the existence of 

something by showing that the probability that 

the  and used it to great 

advantage to solve problems in number theory, 

combinatorics and graph theory. He would set up 

some mechanism for counting the number of ways 

of doing something, compute the probability of an 

event, and show that some mathematical object 

exists. Joel Spencer, who did a lot of work with 

much anything. Consider k points and t lines 

on the plane. We might ask many questions 

questions: What is the maximum number f (k, t)

of incidences between the points and the lines? 

He conjectured that the points of a square grid 

and a certain set of lines give the optimal order of 

by Szemerédi and Trotter, in 1983. 

journal Quantum. Let f (n) be the largest integer 

for which there is a set of n distinct points x1, x2,

... xn in the plane such that for every xi there are 

at least f (n) points xj which are equidistant from 

xi. Determine f (n) as accurately as possible. Is it 

true that f (n) is approximately n for every  > 0? 

a counterexample. The question was settled in 

1990. 

thousands of problems, and offered prize money 

for solving many of them.

theory, but there too he turned to counting orders 

of magnitude. In 1934, when he was 21 years old, 

of integers with pairwise different sums. In 1938 

he asked: what is f (n), the maximum number 

of positive integers ai n such that the pairwise 

products aiaj are all distinct? He answered the 

question by reducing it to a question in 

graph theory. 

directions that we could not have imagined 

to exist. Here is an example. In 1927 van der 

Waerden published a celebrated theorem, which 

states that if the positive integers are partitioned 

these classes contains arbitrarily long arithmetic 

progressions of length k
set of integers, which would show that the par- 

titioning in van der Waerden’s theorem was, in a 

sense, a distraction. The conjecture was proved by 

proof, but the  that he used in the 

proof has become a central tool in graph theory 

and theoretical computer science. (Szemerèdi was 

awarded the prestigious Abel prize last year.) 

famous and still open.  

integers such that the series x x

Note that the set of primes is an example of such 

a set. The general question is open (as noted), but 

Green and Tao showed in 2004 that the primes 

contain arbitrarily long arithmetic progressions. 

(Terence Tao was awarded the Fields prize in 

2006.)

A question both deep and 
profound

Is whether a circle is round.

Written in Kurdish
A counter example is found.
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In October 2012, the Nobel Prize in Economics was awarded to Prof Alvin E. Roth and Prof Lloyd S. Shapley “for the 

This year's Prize concerns a central economic problem: how to match different agents as well as possible. 

For example, students have to be matched with schools, and donors of human organs with patients in 

journey from abstract theory on stable allocations to practical design of market institutions.

Lloyd Shapley used so-called cooperative game theory to study and compare different matching methods. 

A key issue is to ensure that a matching is stable in the sense that two agents cannot be found who would 

Gale-Shapley algorithm] that ensure a stable matching.

Alvin Roth recognized that Shapley's theoretical results could clarify the functioning of important markets 

in practice. He and his colleagues demonstrated that stability is the key to understanding the success of 

experiments. He helped redesign existing institutions for matching new doctors with hospitals, students 

with schools, and organ donors with patients. These reforms are all based on the Gale-Shapley algorithm, 

economic engineering.

comes from a paper Shapley wrote in 1962 with Prof David Gale, College Admissions and the Stability 
of Marriage. It deals with the problem of a college “having to decide how many and which applicants 

n men and n
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T Nobel Prize presentation ceremony recently concluded in 

Oslo, Norway, and like most others, I only managed to read 

disagreed with the notice on what “no prior knowledge required” 

Mathematical make-believe?

Mat(c)h made in 
Heaven

 he 
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answer at times!”

“So,” he began again, “today we’re going to discuss 

basic problem, initially worked on by Shapley 

n  men and 

n women in a room, each man has a list which 

n women according to who 

he likes more and similarly, each woman has a 

to each man a unique woman is associated and 

to wrap 

picked up a chalk and wrote on the board:

arrangement such that all n men and women are 

that, there is an algorithm by which you can get 

this ‘stable’ arrangement, but we’ll come to that in 

roommate problem ”

the conditions by which you can change rooms is 

and work out that a stable arrangement is not 

I whipped out my notebook and began to scribble 

Person Preference 

A

D

between this and the marriage problem?!” 

Possible pairs 
in Room 1

Therefore pairs 
in Room 2

Preferences 
Room 1

Preferences 
Room 2

A is happy, 

D is happy

A &D
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It’s a modern day marriage  

 rank the 

women, and the women can 

men, which is not the situation in the roommate 

to understand, let’s think about this algorithm that 

simplicity's sake,” he said, now walking up and 

at his audience “Suppose that each man proposes 

scrutinizes them and keeps the one which is 

horses, I may change my mind yet’ Now all the 

get another chance, and they propose to their 

algorithm!” 

master! 

 (Refer to Box I), but 

how are we guaranteed that this procedure will 

right?”

where D Gale and L S Shapley published their 

(Refer to Box II.)

Here is my reasoning on why the suggested 

algorithm yields a stable arrangement:

instability in our arrangement!

Box I: Reasoning for stability of the arrangement

Man Preference

Woman Preference

W3
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Box II: Why the procedure will end!

not be unique! Suppose that in some parallel 

the same algorithm we’ll get another marriage 

here somewhere but I’m not here to lecture on 

philosophy!” 

years or so back, he was asked to sort out the 

(Refer to Box III). Another could be 

algorithm and making it more attuned to the 

my ears!

“So that was what I wanted to discuss regarding 

there is another, unrelated but all the same 

are we doing on time?”

were trying to play match maker, nearly an hour 

which the colours are radiating be the schools, 

now becomes, how does one allocate students 

n n

same, there must be at least one girl who at that 

end and each girl must accept the boy she has on 

her string!
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I tried to recall my course in measure theory, one 

remember my teacher saying and quickly brought 

“So what’s happening in this picture is, each school 

that: 

Is closer to him than his present 

arrangement that is at the same time the best and 

on this question where we can discuss this 

Spontaneous applause broke out in the room and 

eager to get their hands on the promised samosa, 

academia!

doesn’t work out, maybe I can use this algorithm 

to open my matrimonial site!” While that, I’m 

you look at the problem at hand in a broader 
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Box III

One particular such “real world eccentricity” is people wanting to subvert the system to obtain results in their favour! That is to say, suppose one man knew 
the preference list of all the others, would changing his own preference list skew the final arrangement in his favour? The answer to this question is far from 
obvious, but it is yes! In fact, Roth proved that there is no stable arrangement for which telling the truth is the best strategy for all parties concerned! Let us 
take the following case as an example to see how one may influence the final arrangement in their favour.

Men True Preference Women True Preference

M1 W1>W2>W3>W4 W1 M4>M3>M2>M1

M2 W1>W3>W2>W4 W2 M4>M1>M3>M2

M3 W1>W2>W4>W3 W3 M1>M2>M4>M3

M4 W3>W4>W2>W1 W4 M2>M1>M4>M3

An easy verification shows that the Gale Shapley Algorithm will now yield the following stable result (under the Women propose scenario):

W2-M4, W3-M1, W4-M2, W1-M3

Now, suppose M4 is not the righteous man we believe him to be and he decides to try to subvert the system. Armed with the knowledge of the preference 
lists, M4 cunningly changes his list to: W3>W4>W1>W2.

Men New Preference Women True (=New) Preference

M1 W1>W2>W3>W4 W1 M4>M3>M2>M1

M2 W1>W3>W2>W4 W2 M4>M1>M3>M2

M3 W1>W2>W4>W3 W3 M1>M2>M4>M3

M4 W3>W4>W1>W2 W4 M2>M1>M4>M3

The Gale Shapley Algorithm now yields the arrangement given by:

W2–M1, W3–M2, W4–M4, W1–M3

Note now, that as compared to the previous arrangement, M4 is now married to W4 as opposed to W2. Since W4 is higher on his ‘true’ preference list, he 
has achieved a more favourable result by giving a different rating list!

The reason that our algorithm is still viable in the real world, despite the large number of miscreants trying to find loopholes in the system, is that the volume 
of information required to foresee the possibilities, and to find a way around it is enormous! Consider the High School application system mentioned 
earlier. For an applicant to subvert the system, they need to know the preference list of the applicants and (potentially) that of the schools as well. Roth and 
Rothblum proved that provided the information available to applicants is sufficiently limited, he or she cannot gain by submitting a list which reverses the 
true ordering of two schools (as M4 did earlier).

In non-cooperative game theory, such a situation (one in which each player is assumed to know the equilibrium strategies of the other players, and no 
player has anything to gain by changing only his or her own strategy unilaterally) is known as Nash Equilibrium.
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Findtheoddmanout the following?from

…  None of the above!

MathematicsArt Music Poetry

Quiz Question:

It is impossible to be a mathematician without 
being a poet in soul. 
Sophia Kovalevskaya

The mathematician's patterns, like the painter's 
or the poet's must be beautiful; the ideas, like 

is no permanent place in this world for ugly 
mathematics. … I am interested in mathematics 
only as a creative art. 
G.H.Hardy

Mathematics, rightly viewed, possesses not only 
truth, but supreme beauty – a beauty cold and 
austere, like that of sculpture, without appeal 
to any part of our weaker nature, without the 
gorgeous trappings of paintings or music, yet 
sublimely pure and capable of a stern perfection 
such as only the greatest art can show. 
Bertrand Russell

A mathematician who is not also something of a 
poet will never be a complete mathematician. 
Karl Weierstrass

By the help of God and with His precious 

The objects with which it deals are absolute 
numbers and measurable quantities which, 
though themselves unknown, are related 
to ‘things’ which are known, whereby the 
determination of the unknown quantities is 
possible. Such a thing is either a quantity or a 
unique relation, which is only determined by 
careful examination. What one searches for in 
the algebraic art are the relations which lead 
from the known to the unknown, to discover 
which is the object of Algebra as stated above. 
The perfection of this art consists in knowledge 

numerical and geometric unknowns. 
Omar Khayyám, "Treatise on Demonstration of 
Problems of Algebra" (1070)

- Submitted by Srirangavalli Kona
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Reading further in [1], one sees a learning 

trajectory for angle measurement which starts 

with an intuitive angle builder (2–3 years), an 

implicit angle user (4–5 years), an angle matcher 

(6 years), an angle size comparer (7 years), and an 

angle measurer (8+ years).

This article focuses on angle measurement, which 

according to the above trajectory should be taught 

in the third standard but which continues to give 

An angle has a vertex and two arms spread apart 

to a certain degree called the ‘measure’ of the 

angle; a handy instrument called a protractor can 

present in many textbooks. It seems such a simple 

concept that one cannot imagine anyone having 

two to an introduction on angles and hurry on 

to problems on drawing and measurement and 

naming parts of an angle. But ask the students to 

measure the angle of an inverted cone and most 

of them struggle with orienting their protractors 

correctly. Or show two equal angles with different 

arm lengths and ask them to say which is greater; 

a good many of them will pick the one with the 

bigger arms. Or study the situation depicted 

in Figure 1, where the student thinks that the 

baseline has to be completely covered by the 

protractor.

from the beginning, we inundate children’s minds 

with words like vertex, line segment, ray and so 

on and neglect practical tasks associated with 

it. Is it really easy to use with its mass of lines and 

markings (clockwise and counter-clockwise) and 

miracle that children learn to use it at all!

In this article we present a sequence of ideas that 

introduces young learners to angles. It is guided 

by the belief that anything which relates to the 

tangible world of children is going to have better 

learning outcomes than otherwise.

Playing with angles.
from two perspectives — as a ‘shape’ formed 

by two rays extending from one point, or as a 

‘rotation’ or ‘turn’. Students sometimes think of 

these as different concepts. Activities dealing with 

angles should encompass both the notions, so that 

students appreciate the intrinsic meaning of the 

term.

Using a circle of paper folded into quarters (and 

therefore with rounded edges), the teacher 

can demonstrate how to make a right angle. By 

aligning it against different angles, students can 

grasp the right way to compare two angles (Figure 

2). The device also serves as a rudimentary 

protractor. The same shape can be folded or 

unfolded to form smaller and bigger angles. After 

this, introducing the terms ‘acute’ and ‘obtuse’ is a 

matter of association.

An interesting use of this folded shape is to 

illustrate invariance of angle with arm length, a 

concept even middle-school students sometimes 

F  1. 20 40
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grapple with. Hold it at the vertex and tear the 

Another way is to use a string and two straws 

(Figure 4). Not only can the invariance of angle 

with arm length be demonstrated by moving 

the straws along the arms, but one can also 

demonstrate the idea that an angle can be formed 

‘in the imagination’, with the vertex not visible. 

10 experience while studying the topic of ‘Heights 

Then introduce the notion of angle with the help 

of a game: ‘Angle Yoga’. Starting from the zero 

‘Right’, ‘Acute’ or ‘Obtuse’ and move the other 

arm accordingly. As they do this, children realize 

several things, e.g., children with different arm 

lengths can show the same angle; there can be 

a range of correct angles for acute and obtuse 

vertical; angles can be oriented differently. Most 

importantly, they learn the art of estimation using 

their arms to form an angle.

An interesting way of measuring rotation is to use 

the classroom door (Figure 5). The teacher marks 

, at intervals 

of 15  or 30 . This becomes a self-learning tool; 

children interact with it and learn. They may not 

immediately understand what the degree symbol 

is or why some markings are missing. Some may 

wonder what happens if the door opens even 

further: how does one go about measuring the 

not made with a slim metal strip that swivels from 

the centre and opens up from 0  to 180
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At this point, terminology such as ,  and 

 can be introduced. Since students 

are familiar with the measurement of length 

using the iteration of a unit, the degree as a unit 

of measurement of angles should be acceptable to 

them. Geogebra is an excellent tool for students to 

understand the concept of rotation.

Different ways of measuring angles. 
Now that students have learnt to measure angles 

using the protractor, they can investigate other 

ways of measuring angles and the advantages and 

disadvantages of these methods.

Maybe ancient geometers measured angles by 

Suppose that, in order to measure AOB, points C
and D are marked, one on each arm, 1 unit length 

from the vertex, and segment CD is drawn. Then 

the length of CD is taken to be a measure of AOB
chord method to 

measure angles.

It can be checked that this approach does preserve 

the . In other words, if AOB < AOB
then CD < CD  and conversely. To see why, we 

apply the ‘inequality form of the SAS congruence 

theorem’ which states the following (we only 

consider the form applicable to isosceles triangles, 

ABC and be 
A < 

A <  This 

can be proved using pure geometry, but we leave 

the proof to you. (Some readers may prefer the 

following trigonometric proof. In an isosceles 

 in which  we have 2b sin A/2. Since 

b  is an increasing function of 

over the interval from 0 , it follows that 

increases when A increases from 00 to 1800; and 

conversely. The same conclusion is reached if we 

use the cosine rule which yields: 2 2b2(1-cos A), 

but now we use the fact that cos  is a decreasing 

function of  over the interval from 0  to 180 .)

So the chord method of measuring angles 

preserves the order relation. But it fails to pass a 

second test which is as important: . To 

see what this means, consider a pair of adjacent 

angles, AOB and BOC, which share an arm OB 
(Figure 7). Since AOC is the union of AOB and 

BOC, and there is no ‘overlap’ between the latter 

two angles, it is reasonable to demand that the 

measure of AOC should be equal to the sum of 

the measures of AOB and BOC. But does this 

be points on the rays such 

that 

chord measures of AOB, BOC and AOC are the 

lengths ,  and , respectively. Is it true that 

have  for two sides of a triangle are 

together always greater than the third side (here 

applied to ). So the sum of the measures 

OC = OD = OD .
If CD  > CD then AOB > AOB,

O A

B

C

D

E
F

O A

B

C

D

O A

B’

C

D’
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of AOB and BOC is  than the measure 

of AOC
the chord measure of an angle fails the test of 

additivity. 

(Note: The above argument assumes that points in 

Figure 7 do not lie in a straight line. But how can we be 

chord length as a candidate for angle measure. 

The measure they did adopt is the one we use 

today, and it possesses both the desired attributes 

—the order relation and the additivity property. 

It is based on arc length. Here, given an AOB, we 

mark points C and D, one on each arm, at 1 unit 

length from the vertex, and draw the circle with 

centre O and passing through C and D. Then 

AOB
(Figure 8).

AOB and BOC
which share an arm OB. As in Figure 7 the two 

angles have no overlap. Their arc measures are 

the lengths of arcs  and  which are both part 

of the circle with radius 1 unit, centred at O. The 

arc measure of AOC is the length of the single arc 

. Is the length of arc equal to the sum of the 

lengths of arcs  and 

are all part of a single circle, and arc  is simply 

the union of the two smaller non-overlapping arcs.

Arc measure of an angle is less natural than chord 

measure, but one begins to appreciate its elegance 

and advantages as one studies it more deeply.

In conclusion we may say that constructing, 

interpreting and recognizing shortcomings or 

opportunities where teacher and learner can work 

together for greater understanding. It is when we 

we begin to recognize the beauty and economy of 
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Who can fail to be charmed by the primes? They are elusive and mysterious in their ways, and hide their 

secrets very well. They have been known since ancient times, and many statements can be made about them 

that can be understood even by primary school children. Yet, proving these same statements can be a task 

One such is the Goldbach Conjecture – the claim that every even number after 2 can be written as the sum 
of two primes; e.g., 50=43+7. It remains unproved, though mathematicians have come very close. Another 

is the Twin Primes Conjecture. ‘Twin primes’ are pairs of primes that differ by 2; for example, the pairs 

(3,5), (5,7), (11,13), (41,43) and (101,103). Such pairs thin out as the numbers get larger. Thus there are 

205 such pairs below 10,000; 137 pairs in the next block of 10,000 numbers; 125 pairs in the next such 

block; then 124, followed by 114; and so on. Studying these data we may wonder whether the source 

‘dries up’ eventually; that is, whether no more prime twins (n,n+2) exist for n beyond some point. But this 

seems never to happen. Larger and larger ‘twins’ keep getting discovered! Currently the largest known such 

pair is:

(3756801695685×2666669-1,     3756801695685×2666669+1). 

Progress in proving the conjecture has been slow but not nil. One curious positive result is the following: 

If S is the set of all primes p which are part of a twin prime pair,

S={3,5,7,11,13,17,19,29,31,41,43,59,61,71,73,101,103,107,109,137,139,…},

S

The twin prime conjecture may be restated as follows: If the successive primes are written as p
1
, p

2
, p

3
, etc 

then the difference p
i+1 

– p
i

 If we replace the 

‘3’ in this by a larger number, say 5, we get a statement which is weaker than the original one. Denote the 

statement “The difference  p
i+1 

– p
i  

is less than k by St(k), so St(3) is the claim that 

St(3) implies St(5) but not the other way round; so if we 

prove St
the value of k St(k) for any k has been so great till 

k

Hampshire (USA). He claims to have proved St(k) for k = 70 million! This may seem very far from the Twin 

At Right Angles we shall say more about Zhang’s result.

MAJOR ADVANCE TOWARDS PROVING THE 

‘TWIN PRIMES’
CONJECTURE
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We have been running a Maths Club in our school for a 

number of years, for class 7 students. We meet for one 

a need to explore the subject at a greater depth and a great desire to 

venture out and make connections with real life applications. They 

are also able to appreciate the aesthetic aspects of the subject at this 

age. The club is open to everyone irrespective of their mathematical 

ability. The aim of the Maths Club is to open up the ways in which 

students perceive Mathematics; to help them see the beauty and 

power of the subject. One topic that never fails to fascinate the 

children is that of counting. It is accessible for  children of all 

abilities, and reveals patterns very quickly. 

Maths Club

A fascination for 
counting
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It is important to provide interesting narratives 

and contexts. We start off by talking about 

suggests that the letters could be raised on a 

time if the blind had to feel each letter. At this 

point somebody interjects and says that they have 

seen Braille books, which consists only of dots. 

The children are told that each character in Braille 

is represented within a 2×3 rectangle by raising 

dots in a particular pattern. There is only a single 

way in which each character can be represented. 

For example the letter ‘m’ would be represented 

as in Figure 1.

out how many different characters could be 

represented in this way on a 2×3 rectangular 

grid, i.e., how many different patterns of dots 

and blanks are there. After some time we gather 

together and discuss how everyone went about 

It is observed that there are a large number of 

possibilities and it may not be easy to verify if we 

it may be worth doing things systematically: let’s 

look at the possibilities of 0 dots, 1 dot, 2 dots etc. 

separately and then add them all up. There is only 

one way of representing the rectangle with zero 

dots. For 1 dot we can see that it can be put in 

any of the 6 spaces in the rectangle, so therefore 

there are 6 possibilities. For 2 dots one needs to 

in each of the 6 spaces and then adding the 2nd dot 

and being careful that there is no double counting. 

write down the possibilities children start noticing 

mirror image of 2 dots, only that the dots and 

empty spaces are reversed. We display the results 

in a table:

suggests that we should ignore the box with zero 

dots, as this would be confusing for blind people. 

posed, whether Braille can work for other kind of 

rectangles apart from 2×3. We agree to explore 

this question in the following week.

with four stripes. Then the question, how many 

allowed to use the colours black and red, is posed 

and discuss how every one is going about the 

task. Quite a few remember the previous week’s 

suggestion of doing it systematically, starting with 

1 red stripe, 2 red stripes, etc. They are then given 

to last week’s question. We see that in both the 

situations there were 2 possibilities —a dot or 

second. Discovering this has a powerful effect on 

the children since situations with two possibilities 

can now be modelled in this manner. The question 

answered. We could use different sized rectangles 

for writing Braille; however we would not be able 

to cover all the characters with a rectangle smaller 

problem tell us that there are 32 possibilities. 

Figure 1

3
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However it would not be enough for the alphabet 

and all the punctuations to be shown. We decide 

any more patterns.

Most are quick at recognising the Pascal’s triangle, 

which they have been exposed to earlier. There 

is still more interest in this topic and so there is a 

promise of more to follow. 

In the third session, we explore the number 

of paths that can be taken from one end of a 

rectangular grid to another, without backtracking. 

down or right until we reach the corner cell that 

How many possible paths are there?

An interesting pattern emerges if one starts 

writing down the number of ways to each cell in 

the grid as shown in Figure 3.

The children are quick to spot Pascal’s triangle yet 

again, and fascinated at the way it turns up in such 

unexpected ways. Later when children attempt 

expanding binomial expressions with different 

indices, they will have great satisfaction in 

spotting these patterns again. If time permits, then 

one could explore the problem of tossing different 

number of coins and looking at the outcome of 

heads and tails. 

This series of three lessons would have given 

them pleasure in spotting patterns and developed 

their abilities to spot and deal with similar 

situations in counting. 

While working on the Braille problem there 

are lots of interesting asides one can talk about 

depending on the interest level. One can talk 

about the biographical account of Louise Braille, 

mention that earlier the rectangular grid used 

until Louise Braille introduced the standard 2×3 

grid which is now used. There is also a separate 

language for representing Mathematics and 

reading a music score for the blind.

TANUJ SHAH teaches Mathematics in Rishi Valley School. He has a deep passion for making mathematics 
accessible and interesting for all and has developed hands-on self learning modules for the Junior School. 
Tanuj Shah did his teacher training at Nottingham University and taught in various schools in England before 
joining Rishi Valley School. He may be contacted at tanuj@rishivalley.org.
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Some oddities of the number 7
A well-known fact is that a week has 7 days. “In six days God 

made the heaven and the earth, the sea, and all that is in them, 

but He rested the seventh-day. Therefore the Lord blessed the 

Sabbath day and made it holy.” So the creation story points out 7 

as a special number.

The Egyptians had seven original and higher gods; the Phœnicians 

had seven kabiris; the Persians had seven sacred horses of 

Mithra; the Parsees seven angels opposed by seven demons, and 

seven celestial abodes paralleled by seven lower regions. The 

seven gods were often represented as one seven-headed deity. 

The whole heaven was subjected to the seven planets; hence, in 

An important cognitive ability within humans is memory span. 

Memory span often refers to the longest possible list of items 

(e.g., colours, digits, letters, words) which a person can repeat 

immediately after a presentation, in the correct order. Millar 

(1956) has shown that the memory span of humans often is 

approximately 7 ± 2 items. 

Connections
between Geometry 
and Number Theory

te
ch

sp
ac

e
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According to the theory of biorhythms, a person's life is affected by rhythmic biological cycles which affect 

one's ability in various domains, such as mental, physical, and emotional activity. These cycles begin at 

birth and oscillate in a steady sine wave fashion throughout life; by modelling them mathematically, a 

person's level of ability in each of these domains can be predicted approximately from day to day.

The emotional biorhythm model is a 28-day cycle. Here too the number 7 plays a role.

Mathematically interesting connections
The number 7 is prime, and Archimedes discovered its approximate kinship to the circle. He realized that 

a circle’s circumference can be bounded from below and from above by inscribing and circumscribing 

regular polygons and computing the perimeters of the inner and outer polygons. By so doing, he proved 

that

0 1 2 3 – 1.

Euclidean methods using straightedge and compass alone. (After 7 the next two such numbers are 

9 and 11.)

The repeating portion of the decimal fraction corresponding to 1/7 is 142857 (that is, 1/7 equals 

where a 

Remember the ancient Egyptian and Archimedes approximation for 

3.142857142857…

Given an integer , a positive integer x is said to be  if, when its left most digit is moved to 

the units place (i.e., ‘left to right’), the resulting integer is .

The integer 142857 is 3-transportable since 
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Kahan (1976) proved that for  >1 there are no such integers unless 

142857, 142857142857, 142857142857142857, …

285714, 285714285714, 285714285714285714, …

The following strange connection between algebra, geometry and the fraction 1/7 was shown to the 

author by the Swedish mathematician Andrejs Dunkels in 1988. Dunkels challenged us to show that if we 

combine six overlapping pairs of digits in 142857, and thereby get the following Cartesian points in the 

plane (1, 4), (4, 2), (2, 8), (8, 5), (5, 7) and (7, 1), these six points lie on an ellipse. 

(problem section) to prove the fact noted above. See Figure 1 constructed with 

GeoGebra. The problem is easily solved by Dynamical Geometry software (e.g., GeoGebra or Geometer’s 

Sketchpad), but in the October 1987 issue of  the magazine the problem was solved by hand by John C. 

Nichols, Thiel College, Pennsylvania. 

Ax2 2

(that is, if the six numbers are scaled up by a common constant, we get the same conic), which means that 

line, the conic is a union of two lines).

Figure 1: The 1/7 ellipse, where A = (1, 4), B= (4, 2), C = (2, 8), D = (8, 5), E = (5, 7), F = (7, 1).
Its equation is: 19x2 + 36xy + 41y2 - 333x - 531y + 1638 = 0.
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The fact that in the ‘1/7 ellipse’ the sixth point too lies on the conic rests on a symmetric relation that 

What other reciprocals have the same qualities? What will for instance happen if we combine the points 

(14, 28), (28, 57), (57, 14) with the points (42, 85), (85, 71), (71, 42)? (These are obtained by taking 2-digit 

combinations from the decimal expansion of 1/7.) It happens that these six points too lie on an ellipse; 

see Figure 2.

Figure 2: Variant of the 1/7 ellipse,with A = (14, 28), B= (28, 57), C = (57, 14), etc.
Its equation is: 165104 x2 - 160804 x y + 41651 y2 - 8385498 x + 3836349 y + 7999600 = 0.

Generalizing the question
The Shippensburg University problem solving group (1987) investigated all ‘period six reciprocals’ (i.e., 

those whose digital forms have a six-digit repetend, like 1/7) and found that reciprocals of 13 and 77 yield 

hyperbolas, the reciprocals of 39, 63, 91, 143, 273, 429, 693 and 819 yield ellipses, while the reciprocals of 

21, 117, 189, 231, 259, 297, 351, 407, 481 and 777 do not yield a conic at all.

(1,3), (3,0), (3,5), (5,6), (6, 3) on an ellipse. To get 8 points on a single ellipse I found that the fraction 

although integer points on curves are much studied.”(Web reference).

hyperbola (e.g. 2/13 or 36/91). 
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Further, one might investigate the effect of considering for the coordinates not just single digits but blocks 

of digits of various lengths (2, 3, ...). I found that the blocks of length 2 of several reciprocals including 1/7, 

1/13, 1/77, 1/91 and 1/819 yield conics but the blocks of length 2 of 1/7373 (period 8 reciprocal with 

7 points on a conic) do not yield a conic. Moreover, blocks of length 3 of the reciprocals 1/7, 1/13, 1/77, 

1/91 yield the straight line x + 999, whereas blocks of length 3 of 1/819 yield the straight line 

x + 222.

For example blocks of length 2 of 1/13 yield a hyperbola with the equation see (Figure 3; the caption 

–4013x2 + 36478 – 53117 2 – 1408374x + 3452922

Figure 3: Points produced from blocks of length 2 from 1/13 = 0.076923…, yield a hyperbola. Here,
A = (07,69), B = (76,92), C=(69,23), D = (92, 30), E = (23, 07), F = (30, 76)

The centres of the conics of 1/7 and 1/13 are all located at (9/2, 9/2) whereas the centres of the conics 

connected with blocks of length 2 are located at (99/2, 99/2).

Analysis: One way to look at digital-conics is that if you have four numbers  then the following 

six points necessarily lie on a central conic with centre ( /2, 

( ),  ( ),  ( –a),  ( – –b),  ( – –c),  ( – ).

Which particular conic manifests (hyperbola or ellipse) depends on the values of  However it 

further.

In the case of 1/7 we have a b c

(14,28), (42,85), (28,57), (85,71), (57,14), (71,42).



Vol. 2, No. 2, July 2013  | At Right Angles 55

This can be seen as 

( ), ( – –a), ( ), ( – –b), ( ), ( – –c),

with a b c
length 3 while we in the previous case had one single cycle of length 6. It is worth noting that in both cases 

the centre of the ellipse lies at ( /2, /2).

If we go back to the example of the 1/7 ellipse, the ellipse can be described as 

19(2x–9)2 + 36(2x–9)(2 –9) + 41(2 –9)2

Also other 6-tuples of numbers can be used. They do not need to be different; for example,

the number 112332 with (a  b 1 2 4) gives 6 points that lie on the ellipse 

3 ( x – )2 + (x + –4)2

If pairs of triplets

x
1 4

 and x
4 1

 which gives s 

(0, 1),(1, 0), (0, 9), (9,8), (8, 9) and (9, 0). See Figure 4.

Figure 4: The ellipse built on the fraction 1/91

So far we have worked mainly on numbers generating fractions. What if we ask the question the other way 

round? For instance, is there a fraction 1/n with a cycle of length eight that yields an ellipse? It is not that 

(3, 0). See Figure 5.
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Figure 5: points derived from the fraction 1/73

Once the points are sketched, we see that they lie on an oval with centre (9/2, 9/2). But they do not all lie 

do get an ellipse that not only goes through the six remaining points, but also through (0, 0), (1, –1), (8, 10) 

and (9, 9). We call this a ten point ellipse. The equation is 

3(2x –9)2 + 2(2 –9)2 – 4(2x–9) (2

Figure 6: An ellipse partly derived from the fraction 1/73

beautiful?
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Figure 7: An ellipse with 18 integer points 

Obviously we can go in many different directions. I leave further investigations to the reader.
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Worksheet
I. Investigate reciprocals of positive integers. Which reciprocals have 6 digit repetends? Make a record of 

these.

II.

1. Fill in the values for 

(285, 714), (428, a), ( ), (857, c). What is its equation?

2. Do the points (1, 4),(4, 2), (2, 8) , (8, 5) and (5, 7) lie on a straight line? 

If they do, what is the equation of the line?

If not, use Geogebra to investigate if they lie on a conic (remember that 5 points lie on a conic if no 

set of four points are in a straight line).

x lie on a conic? What is its centre, if so?

4. Substitute values for a, b, c and  and plot the 6 points ( ), ( ), ( –a), ( – –b), 

( – –c), ( – ).

What happens if a  b  c?

If  are distinct, why do these points give a conic centred at ( )?

Will the same conclusion hold if  are two digit numbers?
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Notes added by the Editors

The facts that (i) 7 is the smallest prime not of the form ‘1 more than a power of  2’ and (ii) 

traditional Euclidean methods’ are, surprisingly, connected closely. We know this from the 

work of Carl F Gauss on the 

3

 (A ‘Fermat prime’ is a prime of the form 

2 + 1; for example, 3, 5 and 17.)

We shall elaborate on this connection in a subsequent article.

 are given points, then the conic 

). The graphical interface can be used as well.

The claim that the points P ), Q ), R – a), S – – b), T – – c),

U – ) lie on a central conic with centre M ) follows from the symmetric 

. (This conic is well-

 For example, we should not have

a b c.) Observe that PS and QT have the same midpoint, M. Let M be the origin of a new 

f ( f is quadratic. 

Using the fact that in this system P and S have the origin as mid-point, as also Q and T, we 

x and  in f ( )must be zero. Hence f ( ) must have only 

terms in the second degree (i.e., x2, 2, ). But this implies that if any point lies on the conic, 

R lies on the 

conic, this implies that U
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Preamble: Riddles are fun when they are told as stories. The act of exploring the mathematics 
behind them can be even more exhilarating. In this article, we tackle one such popular riddle and 
deconstruct the mathematics behind it. 

Did you notice the pattern at the bottom of pages 37, 39, 41, 43, …, 57? Here is a composite view:

Dumble - Door to the

Rescue!

1 2 3 4 5 6 7 8 9 10

1

2

3

4

5

6

7

8

9

10

Initial State

The visual is a simple version of a popular puzzle known simply as “100 doors in a row” or “door 
toggling puzzle”. Since it does not appear to have a fancy origin story behind it, we came up with a 
fable of our own. We call it “The Dumble-Door”:
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“Voldemort has captured Potter and suspended him over a cauldron of boiling potion. Dumbledore 
watches helplessly as his protégé is being slowly lowered into the magical potion which will turn 
him into a raccoon. However, Voldemort will release Potter if Dumbledore is able to solve the 
following riddle. 

There are 100 doors in a row in Voldemort’s castle. All of them are closed. There is one guard who 

by one, all 100 of them. He then walks back to the starting position and this time he visits every 
second door and closes them back. The third time, he visits every third door (3rd, 6th, 9th, etc.) and 

fourth door, and so on. Dumbledore has to tell Voldemort how many doors will remain open in the 
end. 

The guard is old and frail and Potter is getting closer to the cauldron with each turn of the lever. If 

protégé. Is there a way to tell the answer quicker?” 

To solve it, let’s go back for a while to the grid of dots above. It is clear that out of the 10 dots, 

squares is easily generalizable to N. Thus for the Dumble-Door riddle above with 100 doors, exactly 
10 will remain open in the end (102=100 is the largest perfect square less than or equal to 100). But 
what is the mathematics behind this? 

given. 

Note for the teacher: When doing this as a classroom activity, extend the table to 30 so that 

Door no. State changes (starting from all ‘Closed’) Turn at which state changes

1 Open 1

2

3

4

5

6 Open, Close, Open, Close 1, 2, 3, 6

7

8

9 Open, Close, Open 1, 3, 9

10

1. A door is toggled at every turn which is a divisor of the door number. Thus: Door 6 is toggled at 
the 1st, 2nd, 3rd and 6th turn. Door 5 toggles only at the 1st and 5th turn. 

2. For a door to end up open, it must be toggled an odd number of times. (Remember that all 

3. Only door numbers with an odd number of divisors will be left open.
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The problem now reduces to this: 

Which numbers have an odd number of divisors including 1 and themselves?

number like 12. We know it has 6 divisors (1, 2, 3, 4, 6, 12).  How can we calculate the number of 
divisors without enumerating all of them? 

Note that 12 can be written in terms of its prime factors as 22×3. Any divisor of 12 can choose from 
2’s in three ways (none, one or two) and 3’s from two ways (none or one). Thus total number of 
ways a divisor can be chosen is 3×2=6.

In general, for a number  X=pa qb rc… where p,q,r,… are primes and a,b,c,… are positive integers, 
the total number of divisors is 

D=(a+1)(b+1)(c+1)…

So D is odd only when each of the factors (a+1), (b+1), (c+1), … is odd. Thus a,b,c,… must all be 
even. But if they are all even, X is a perfect square! 

It follows that any perfect square has an odd number of divisors, and we conclude that only the 
door numbers which are perfect squares will remain open.  

Hence, resQED!

Dumble-Door to the Rescue is based on a story suggested by Prithwijit De (HBCSE).  AtRiA 
acknowledges the contribution of Rajveer Sangha who suggested the idea of the running gag and 
presented the article in its present visual form.
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This is demonstrated with the help of animation 

of a tiny plane travelling on the surface of the 

earth. To draw an earth map using a globe on a 

table, we draw a ray from the North Pole (NP) 

to a point on the globe and locate its point of 

intersection with the plane of the table. This is 

known as the ‘stereographic projection’ of the 

point p onto the plane, and the process is known 

as ‘stereographically projecting the sphere onto 

stereographic projections. One can see that the 

North Pole has no stereographic projection on 

the surface of the table, thus we say that it lies 

does not preserve size. But angles between 

intersecting lines are preserved, hence directions 

are preserved. This gives an intuitive idea of 

the property of ‘conformality’ of this projection, 

i.e., ‘preserving angles between curves’.  The 

stereographic projection takes meridians to radii 

emanating from South Pole, and parallels to the 

concentric circles centered at the South Pole.

3D objects, giving us a hint on how to imagine 

4D objects. The idea is to understand the three 

dimensions using cross sections on a surface, 

as though the 3D surface is passing through the 

develop an understanding of platonic solids only 

through cross sections, we use the stereographic 

projections. By counting the number of the faces 

surface can develop an understanding of the 

3D platonic solids. This is well demonstrated in 

the movie. This method of using cross sections 

helps prepare our imagination to understand the 

fourth dimension by using 3D cross sections of 4D 

objects.

in higher dimensions. He shows us the idea 

of representing points in higher dimensional 

space by tuples of real numbers using a magic 

blackboard. Generalizing the idea of a line 

To get a feel of a 4D object we must see 3D cross 

number of vertices, edges and 2D and 3D faces to 

to 3D space. We see faces blowing up because of 

Figure 1. Stereographic projection

Figure 2. Stereographic projection of Earth

Figure 3. Cross section of a 3D Platonic solid
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and geometrical transformation of the plane in an 

interesting way.

regarded as a half-turn. Once we understand this 

idea geometrically, we can visualize the addition 

of the plane – dilations and rotations – using 

getting dilated and rotated under the 

transformations. Similarity transformations are 

that even after the transformation we recognize 

preserve their shape. This is the geometric idea 

behind conformal maps.

The chapter then moves to studying dynamics of 

iterations, that is, the effects of applying the same 

transformation repeatedly; we see what happens 

set is shown, and fractal structures discussed. 

One marvels at the beauty of the sets. Through 

iteration of simple functions one can produce rich 

and intricate structures.

describes the strange and non-intuitive idea of a 

a beautiful arrangement of circles which together 

form a 3D sphere.

Hopf discovered one of the most important and 

circles, no two of which cut one another, forming 

a 3D sphere; each circle corresponds to a point in 

the 2D sphere.

Figure 4. 3D cross section of a “600” simplex in 4D

Figure 5. Sphere as a ‘Complex Projective Line’

Figure 6. Mandelbrot Set     Figure 7. A Julia Set
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The chapter details can be found at 

http://www.dimensions-math.org/Dim_chap_E.

htm. All images in this review are from the site 

http://www.dimensions-math.org/Dim_E.htm. 

The author has the following suggestions for 

teachers. Since the series is densely packed with 

ideas, the series can be screened over the period 

of nine weeks, each week devoted to a chapter; 

the screening may be followed by a discussion 

of the main ideas. It may be helpful to pause and 

replay the video to understand the subtlety of 

ideas and their highly accurate presentations 

by the creators. Teachers will need to study the 

background material (found at the link given 

above) for the chapter before the screening. 

For both students and teachers alike, the series 

of dimension. It will give a glimpse into how 

mathematical ideas are developed.

Dheeraj Kulkarni completed his Ph.D. in Mathematics from the Indian Institute Of Science, Bangalore, in 
2012. He is currently visiting Georgia Tech, Atlanta, USA as a Post Doctoral Fellow. Apart from academics 
he enjoys sports such as football, cricket, swimming and long distance cycling. He also enjoys listening to 
music and going for long walks. He may be contacted at dheeraj.kulkarni@gmail.com.



Vol. 2, No. 2, July 2013  | At Right Angles 75

What Is Your Corner
A Game for

Learning Place Value

Requirements:

Charts, Markers,

Sellotape/Blutack. 

The number of participants 

varies at each level of the game.

Pre-requisite knowledge for players:

1. Addition: up to 4 digit numbers

2. The value of 10, 100, 1000 and the 

relationships between them (10×10=100, etc.)

3. Multiplication by 10, 100, 1000

In the mathematics class, place value is considered 

one of the ‘hard spots’ for the student as well as 

the teacher.  I am glad you addressed this issue in 

the pullout of Issue II-1 of At Right Angles. Here is 

a simple game I have used to help children practise 

their understanding of place value up to four-digit 

numbers.  The objectives of the game are not just to 

review place value but also to experience the learning 

of mathematics through physical movement and 

joint decision-making. Children move about within 

a room in which each corner has an associated place 

value, and learn how numbers are read aloud, how 

‘exchanges’ are made between corners, and so on. 

The details are given below.

the Game
Level I

Charts labeled ‘Units’, ‘Tens’, ‘Hundreds’ and ‘Thousands’ are pasted in the four corners of the room 

At this level, only 9 students should play to avoid having more than 10 students in a corner. This is 

preferable to informing students that there is a cap on the number of students in each corner.  

Students move about the room freely and when the facilitator claps, each chooses a corner to go to.

After the students have chosen to stand in the four corners, the facilitator asks: ‘What is the value of 

this corner now?’  If there are 5 children in the units corner, their answer should be 5; if there are 5 

children in the tens corner the answer should be 50; and so on. The children in each corner should 

focus on their corner. Of course the children will think about other corners, but the facilitator should 

ask them about their own corner.  Answers given should be approved by the observers and the 

remaining groups and if the answer is unacceptable, the group which objects should explain their 

At this level the facilitator should help students connect the value they arrive at, to simple 

multiplication with powers of  ten; e.g., 2×10=20, 4×1000=4000, and so on

?
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Level II

At level II of the game too, only 9 or fewer students play. 

As before, the participants are in the centre of the room and when the facilitator claps they move to 

any of the four corners. 

After this we ask the students who are observing the game to record what they see in each corner and  

to use what they learned from level 1 to write on the black board, as shown in the example below:

Level III

Once the students are familiar with how to ‘read’ the numbers they have created by standing in corners, 

they should then go the ‘opposite’ way. The facilitator calls out a number like 2313, 7486, 2117, 307, 29, 

etc., and students decide how and where to stand to ‘create’ that number. The entire class participates at 

this level.

Level IV

This level is similar to level II, except that a larger number of students should play so that more than 

ten students could end up in a corner. 

Apart from the placard bearing the name of the corner, each corner can be provided with unit squares 

in the units corner, strips of 10 squares in the tens corner,  shapes measuring 10×10 in the hundreds 

corner, and stacks of ten 10×10 squares (held by rubber bands)  in the 1000s corner. 

Extra manipulatives are placed in the centre of the room and one student can play the role of an 

‘exchange centre’ or a ‘bank’. 

Students can move about anywhere in the room and when the facilitator claps they have to go to any 

one corner among the four in the room. 

If there are more than 10 students in any corner, 10 of these students will have to take their 10 

manipulatives to the ‘exchange centre’ and exchange it for 1 manipulative of the next higher place. 

This is taken by one student to the corner marking the next higher place, and the remaining nine 

students go back to the centre of the room. 

Thousands

Hundreds

Tens

Units

3000

200

10

2

3

2

1

2

Next, the observers add the values from the four 

corners and get 3212. The facilitator should have 

students play the game several times, changing the 

roles of the participants and observers. If there are 

no cases where there are zero children in a particular 

corner, the facilitator should suggest that they create 

some such cases so that they can study the meaning 

of zero in a multiple-digit number. 

For example, 4000 + 300 + 0 + 2 = 4302. It is important 

that the student verbalises this.
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Maran is a resource person with the Azim Premji Foundation (Puducherry Field Institute). He has conducted 
workshops on "how to learn and how to teach" using modules and materials developed by his mentor 
Fr. Eugine SJ. He has travelled to Sweden and Denmark to support human rights campaigns, and has led a 
youth team on this project. Maran may be contacted at maran.c@azimpremjifoundation.org

The game should be cooperative and not competitive; if students in one corner do not 

know the answer, the facilitator should encourage students from other corners to help 

them. 

in terms of squares, strips and grids. It is useful to have a video recording or a series of 

photos of the exchange process.

The game can be noisy! While rapid movement is to be encouraged, students should 

discuss ground rules about pushing each other, shouting too much, and a common 

signal to ‘Freeze!’

For example, if there are 12 students in the tens corner, then 10 of them take their 10 strips and 

exchange it for a 10×10 square which one of them takes to the hundreds corner. The remaining 9 

students stay at the exchange centre. 

Movement to the next higher corner could cause the number there to increase to more than 10 and 

this in turn would need a visit to the exchange centre.

If there are more than 10 students in the thousands corner then the facilitator must explain that the 

corner.
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