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not theory is an important sub-field of topology that
studies the properties of different kinds of knots. This
subject is a fairly new and still developing branch of
mathematics. Interestingly, the roots of this subject originate in
physics, not math. Physicists at one time believed that atoms and
molecules were configurations of knotted thread. Although later
models of the atom abandoned this postulate, knot theory came
into its own in mathematics and in other branches of science.

Knot theory has applications in other mathematical branches as
well – it is used substantially in graph theory, which in turn has
implications in computer science while studying networks, data
organization and computational flow. Knot theory also has uses
in biology – it turns out that in certain organisms, DNA often
twists itself up into knots which results in a host of different
properties and sometimes problems for the organism. Knowledge
of the properties of knots can be indispensable in studying this.
Keywords: Topology, knot, string, projection, tri-colourable,
Reidemeister, unknot, trefoil, twist, poke, slide
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What is Topology?
In Euclidean geometry we have the notion of congruence of triangles. One way of
approaching this topic is through the study of functions or mappings or transformations from
the plane into itself. To start with, let us consider only functions which have the property
that the distance between any pair of points remains unaltered as a result of the mapping. Such
a mapping is known as an isometry (‘iso’ = same, ‘metre’ = distance). Under such mapping,
any figure is mapped to a figure which is congruent to itself. Here the word ‘congruence’ is
used in its usual sense. But we can turn the definition around and instead define congruence
in terms of the mapping. That is, if a figure A can be mapped to a figure B using such a
mapping, we say that B is congruent to A, and the study of all properties of these figures
which remain unchanged as a result of these mappings is what we call Euclidean geometry.
Note that the class of mappings allowed is of critical importance. If we enlarge the class, the
notion of congruence changes accordingly.
The class of isometric mappings is a highly restricted one; so let us replace it with something
larger. If we consider instead, functions which have the following property: for any three points
A, B, C which are mapped to the points A', B', C' respectively, angle ABC must be equal to angle
A'B'C', then we get what is ordinarily called similarity geometry.
In Topology, the functions permitted belong to a much bigger class. They are what are
known as Homeomorphisms. Rather than give a technical definition, let us say simply that
they refer to continuous deformations. Thus, we allow stretching, contracting, twisting,
shearing and so on; but we do not allow ruptures or tears. If an object A in 3-D space can
be transformed into another object B using continuous deformations, and B in turn can be
transformed into A using continuous deformations, we say that A and B are topologically
indistinguishable.
Using functions from within this class, it is easy to see that:
• A circle of any size is topologically indistinguishable from an ellipse of any size and any
eccentricity.
• A circle of any size is topologically indistinguishable from a rectangle of any size and any
shape.
• A line segment of any length is topologically indistinguishable from a planar arc of any
shape and any length, provided the arc does not intersect itself at any point.
• A doughnut is topologically indistinguishable from a coffee cup (assuming that the cup is
of the usual kind, with a single handle!), and both these shapes are topologically distinct
from a saucer.
The study of which shapes are topologically indistinguishable from which other shapes is an
informal way of understanding the term Topology.
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What is a Knot?
We start with the most basic question about this
topic: What exactly is a knot? In simple terms, a
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other without breaking the knots open. While this is not a formal definition, it is
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Figure 6
(iii)
The Slide (RM 3): If a part of the knot goes under (or over) two other
cross each other, that part can be slid under (or over) the crossing to t
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– this is Reidemeister Move 3; see Figure 7.
Figure 6

iii. The Slide (RM 3): If a part of the knot goes
under (or over) two other pieces which cross
each other, that part can be slid under (or
over) the crossing to the other side – this is
Reidemeister Move 3; see Figure 7.

But if we find ourselves unable to do this, we
cannot assume that the two knot projections
are different; perhaps we just made the wrong
set of Reidemeister moves! In order to actually
differentiate between knots, we need an invariant;
something that does not change for a knot, no
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Figure 8
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Proof
To prove that tri-colourability does not change
with the projection of a knot, all we need to do
is show that whether or not a projection
Case 2:is tricolourable is not affected by any Reidemeister
moves. This should be evident because any
projection of a knot can be transformed
Case 2:into any
other projection of the same knot using only
Reidemeister moves.

Figure 9
Figure 9 - Case 1

RM-1
When we go from an untwisted strand to a twist
(in which we can see two strands), it is clear
Figure 10
from the diagram that the twisted projection
Figure 10 - Case 2
can be coloured in such a way that preserves
tri-colourability. When we look atRM-3
the reverse
Figure 10
RM-3
go from andirection
untwisted
strand
to a twist we
(in can
which
we can
see two strands), it is clear
(twisted
to untwisted),
see
there
is
There are 3 ways to
colour
Reidemeister
There
are 3the
waysstrands
to colourofthe
strands of Move 3 such that al
only
way toprojection
colour Strand
Strand
2
such
diagram that
theone
twisted
can1 and
be
coloured
in
such
a
way
that
preserves
triRM-3
satisfy the conditions
of tri-colourability.
In that
eachallofthe
these
3 cases, it is possible t
Reidemeister
Move 3 such
crossings
thatlook
the diagram
is tri-colourable;
is, bothto untwisted),
ity. When we
at the reverse
directionthat
(twisted
we
can
see
there
is
satisfy
the conditions
of tri-colourability.
In
new
crossings
aftertothe
move
to preserve
tri-colourability.
strands have to be the same colour.
In this
case asways
There
colour
the
strands
of
Reidemeister Move 3 such that all
way to colour Strand 1 and Strand 2 such
thatare
the3diagram
is
tri-colourable;
that
is,
each of these 3 cases, it is possible to recolour
well, we can see tri-colourability issatisfy
preserved
by
the
conditions
ofsee
tri-colourability.
Iniseach
cases, it is possible to
the
new
crossings after the
move of
to these
preserve3 trinds have tothe
beuntwist.
the same
colour.
In
this
case
as
well,
we
can
tri-colourability
1:
Thus, tri-colourabilityCase
is preserved
by
new crossings
after the
move
to preserve
tri-colourability.
colourability.
by the untwist.
Thus, tri-colourability
is preserved
by Reidemeister
Move
1.
Reidemeister
Move 1.

Case 1:

Figure 8

Figure 8

Case 2:
RM-2
Figure 11 - Case 1
In Reidemeister Move 2, there are two
meister Move 2, there are two possibilities: the two strands, one of which ‘pokes’ over
possibilities: the two strands, one Case
of which
2: ‘pokes’
may be of the same colour (Figure 9), or they may be of two different colours (Figure
th cases, we can see that tri-colourability can be preserved.
10

At Right Angles | Vol. 6, No. 1, March 2017

Figure 11
Figure 11

2:

moves preserve tri-colourability.
Figure 11

DIFFERENTIATING THE UNKNOT AND THE TREFOIL
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Figure 16

The picture on the right is actually the unknot.
FigureFigure
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at
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compute than the Alexander Polynomial.which
In 1984,
a few months
after
invention of
is an expression
in variables
thatthe
describes
The crossing number of the unknot is 0. The
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that
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no projection
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projection of the trefoil knot that has less than 3
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HOMFLYof
polynomial,
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 The stick number of a knot is the minimum
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Figure 17
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Figure 17

As mentioned earlier, knot theory is a relatively
new subject. There is a lot more research that needs
to be done. But what we do know is that it is a
very interesting subject – and who knows? Maybe
you could discover a way to actually prove two
knots are different.
Figure 18

These are but a few of the invariants created in order to differentiate between knots.
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