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Preamble: Riddles are fun when they are told as stories. The act of exploring the mathematics

behind them can be even more exhilarating. In this article, we tackle one such popular riddle and

deconstruct the mathematics behind it.

Did you notice the pattern at the bottom of pages 37, 39, 41, 43, ..., 57? Here is a composite view:

Dumble - Door to the

Rescue!

1 2 3 4 5 6 7 8 9 10

1

2

3

4

5

6

7

8

9

10

Initial State

The visual is a simple version of a popular puzzle known simply as “100 doors in a row” or “door

toggling puzzle”. Since it does not appear to have a fancy origin story behind it, we came up with a

fable of our own. We call it “The Dumble-Door”:
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“Voldemort has captured Potter and suspended him over a cauldron of boiling potion. Dumbledore

watches helplessly as his protégé is being slowly lowered into the magical potion which will turn

him into a raccoon. However, Voldemort will release Potter if Dumbledore is able to solve the

following riddle.

There are 100 doors in a row in Voldemort’s castle. All of them are closed. There is one guard who

has the keys to all the doors. But he works in a strange manner. At first he opens all the doors one

by one, all 100 of them. He then walks back to the starting position and this time he visits every

second door and closes them back. The third time, he visits every third door (3rd, 6th, 9th, etc.) and

toggles it (that is, if he finds it closed, he opens it, and vice versa). The fourth time he toggles every

fourth door, and so on. Dumbledore has to tell Voldemort how many doors will remain open in the

end.

The guard is old and frail and Potter is getting closer to the cauldron with each turn of the lever. If

Dumbledore were to wait for the guard to finish his job, he would have no chance at rescuing his

protégé. Is there a way to tell the answer quicker?”

To solve it, let’s go back for a while to the grid of dots above. It is clear that out of the 10 dots,

the ones which end up orange are 1, 4, 9, or the first three perfect squares. This pattern of perfect

squares is easily generalizable to N. Thus for the Dumble-Door riddle above with 100 doors, exactly

10 will remain open in the end (102

=100 is the largest perfect square less than or equal to 100). But

what is the mathematics behind this?

To find that out, let’s explore the problem a bit more through an activity. Complete the following

table by filling in the sequence of states and turn numbers for each door. Three examples have been

given.

Note for the teacher: When doing this as a classroom activity, extend the table to 30 so that

students have enough data to figure out the pattern.

Door no. State changes (starting from all ‘Closed’) Turn at which state changes

1 Open 1

2

3

4

5

6 Open, Close, Open, Close 1, 2, 3, 6

7

8

9 Open, Close, Open 1, 3, 9

10

If you have correctly filled in the table, you must have observed the following:

1. A door is toggled at every turn which is a divisor of the door number. Thus: Door 6 is toggled at

the 1st, 2nd, 3rd and 6th turn. Door 5 toggles only at the 1st and 5th turn.

2. For a door to end up open, it must be toggled an odd number of times. (Remember that all

doors are opened in the first turn.)

3. Only door numbers with an odd number of divisors will be left open.
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The problem now reduces to this:

Which numbers have an odd number of divisors including 1 and themselves?

The Fundamental Theorem of Arithmetic and Law of Combinations now come handy. Consider a

number like 12. We know it has 6 divisors (1, 2, 3, 4, 6, 12). How can we calculate the number of

divisors without enumerating all of them?

Note that 12 can be written in terms of its prime factors as 22

×3. Any divisor of 12 can choose from

2’s in three ways (none, one or two) and 3’s from two ways (none or one). Thus total number of

ways a divisor can be chosen is 3×2=6.

In general, for a number X=pa

qb rc

... where p,q,r,... are primes and a,b,c,... are positive integers,

the total number of divisors is

D=(a+1)(b+1)(c+1)...

So D is odd only when each of the factors (a+1), (b+1), (c+1), ... is odd. Thus a,b,c,... must all be

even. But if they are all even, X is a perfect square!

It follows that any perfect square has an odd number of divisors, and we conclude that only the

door numbers which are perfect squares will remain open.

Hence, resQED!

Dumble-Door to the Rescue is based on a story suggested by Prithwijit De (HBCSE). AtRiA

acknowledges the contribution of Rajveer Sangha who suggested the idea of the running gag and

presented the article in its present visual form.






[image: Page 3 of 3]

















atria_dumble-door_to_the_rescue.pdf
atria_dumble-door_to_the_rescue.pdf





Open

Extract

































Open with

















































[image: Mukun Bhatta  (mukun.bhatta@gmail.com)]




Page 2 of 3
